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Abstract— In this paper, the exponential synchronization of a
class of chaotic neural networks with delays using the drive-
reponse concept is investigated .

Based on the Lyapunov stability method and the Halanay
inequality lemma, a delay independent sufficient exponential
synchronization condition is derived. The synchronization
condition can be easily verified and implemented.

Finally, some illustrative examples are given to demonstrate the
effectiveness of the presented synchronization scheme.
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I. INTRODUCTION

A chaotic system is a nonlinear dynamical system, which
has several properties such as the sensitivity to initial
conditions as well as an irregular unpredictable behavior.

Chaos phenomenon has been applied in many disciplines
such as secure communications, biological science neural
networks, automatic control, etc [1].

Over the last decade, many new types of synchronization
have appeared for example: chaotic synchronization [2, 3], lag
synchronization [4], adaptive synchronization [5], phase
synchronization [6], and generalized synchronization [4].

In 1990, Pecora and Carroll [2], proposed drive-reponse
concept for constructing synchronization of coupled chaotic
systems. The synchronization of coupled chaotic systems has
received considerable attention [5, 7, 8]. Especially, a typical
study of synchronization is the coupled identical chaotic
systems [6].

Recently, there is increasing interest in the study of
dynamical properties of delayed neural networks (DNNs) [9-
13, 21-23]. Most previous studies have concentrated on the
stability analysis and periodic oscillations of this kind of
networks. However, it has been shown that such networks can
exhibit some complicated dynamics and even chaotic
behaviors. In particular, the introduction of delays into neural
networks makes their dynamical behaviors much more
complicated [13-18]. Furthermore, there are few studies in the
synchronization issue for this class of chaotic neural networks
with delay [19].

This work, addresses the synchronization problem of a
class of chaotic neural networks with delays. Based on the
Lyapunov stability method and the Halanay inequality lemma,
a delay independent sufficient exponential synchronization
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condition is derived. This paper is organized as follows. In
Section IlI, we provide a description of chaotic neural
networks considered in the work and defines the exponential
synchronization problem of the drive-response chaotic neural
networks. In Section Ill we derive a control law to solve the
synchronization problem, and a sufficient criterion for the
exponential synchronization is established. In Section IV, we
present some illustrative examples. Finally, we draw
conclusions in Section V.
The following notations are used throughout this paper.

1
n 2
by x,2
j=1

1
Forxe RN, let IX| =<XTX)2 — denote the

Euclidian vector norm.
Besides, and for a matrix A € RN<N | let ||A|| indicate the

norm of A induced by the Euclidean vector norm, i.e.,

1
|A] = (2max(AT )2,
Where Amax(A) represents the maximum eigenvalue of

matrix Aand T denotes the transpose of a matrix. Note that,
Forall (nxn) real symmetric matrix A, one has A is
positive definite if and only if all its eigenvalues are positive.

Furthermore, for all X € ]Rn
2 2
Amin(A)x]| < X1 Ax < Amax(A)]X]
Where A min(A)(Amax(A)) represents the minimum (resp.

the maximum) eigenvalue of matrix A.

Il. SYSTEMS DESCRIPTION AND SYNCHRONIZATION PROBLEM

A class of the delayed chaotic neural network considered
in this paper is described by the following state equations:

x(t) = —Dx(t) + Ag(x(t))

.
+ > W (X(t—7 k(D)) +J @
k=1
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Where X(t) is the neural the matrix

D=diag{dy,d2...dn} and dj>0

state vector,

AERan ,

Wk:(wﬁ) , k=1,2,...,r are the connection weight
nxn

matrices, g(x(t))er" denotes the neuron activation function
with g(0)=0, J
equilibrium point, and Tk(t) is the constant discrete time

delay.
Throughout this paper, we make the following assumptions.

is a constant input to set the desired

(A1) Each function gFR—)R,ie{LZ,...,n} is bounded,
and satisfies the Lipschitz condition with a Lipschitz constant
Li>0,i.e|gj(u)-gj(V)|<Lilu-v|forall u,veR.

(A2) 7j(t)=0 is the delay function for all 1<i<n .

We will consider the euclidean norm in the whole the paper.
Let the chaotic system (1) be the drive system and it’s
unidirectionally coupled copy:

2(t) =—Dz(t) + Ag(z(1))

d ()
+ ¥ Wk9(z(t-rk(®)))+J +u(t)

k=1
be the reponse system, where U(t) denotes external control

input that will be appropriately designed for a certain control
objective.

Let ej(t)=xj(t)—zj(t) be the error between the two
systems.

e(t)—>0, as t—>0 means that the drive neural networks

and the response neural networks are synchronized.
Therefore, the error dynamics between (1) and (2) can be
expressed by:

é(t) =-D(x(t) - z(t)) + A(g(x(t)) - 9 (z(t))) +

r
2 WG (=) -9 (et =) -u() ©
Or by the following compact form:

e(t)=—De(t)+Ag(e(®))+Wg(e(t—z())-u(t) @)

If the state variables of the drive system are used to drive
the response system, then the control input vector with state
feedback is designed as follows:

u®] | ZewjxjO-z®)
un®] 20 wij(x j0)-2(©)
w11 win | x1(©)-z1(0)
— : . . (5)
wn1 wnn L xn()—zn(t)
e1(t)
=Q| :
en(t)
Where ) is the controller gain matrix and will be

appropriately chosen for exponentially synchronizing both
drive system and response system. With the control law (5),
the error dynamics can be expressed by the following compact
form:

e(t)=—De(t)+Ag(e(t))+Wg(e(t—z(1))—C2(t)  (6)

Definition 1. Systems (1) and (2) are said to be
exponentially synchronized if there exist constants 77>1 and

a>0suchthat for all t >0
|xi(t)—zj(t)|<77|xi(0)—z;(0)| exp(-at)

Moreover, the constant «
synchronization rate.

is defined as the exponential

I11. SYNCHRONIZATION CRITERION

In this section, using the Halanay inequality lemma, we
establish a sufficient condition for synchronization of chaotic
systems with delays.

Lemma 1 (Halanay inequality lemma [20]). Let 7>0 be a
constant, and V (t) be a non-negative continuous function

defined for [—z',+oo[ which satisfies for t>0
V (t)<—pV () +a(sup;_,<s<qV (S)) , where p and q are
constants. If p>q >0, thenfort>0

V (1)<(sup_,<g<qV (s)) eXp(=ot) , where & is a unique
positive root of the equation 6=pP—qexp(S7).
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Theorem. For these drive-response chaotic neural
networks (1) and (2) which satisfy assumptions (A1)-(A2). If

the controller gain matrix Q) in (5) is real symmetric and
positive definite, and satisfies

L(AHW D /ming<i<o(di) + Amin(©@) <1,

Where L=max1<j<n(Lj) . then the exponential
synchronization of systems (1) and (2) is obtained.

Proof. Consider the following continuous function:
1 1 2
V(O=e(t) et)=_ et O

It can easily be verified that V/(t) is a non-negative function
over [—T,+OO[ and that it is radially unbounded, i.e.

V (t)—>+xoas ||e||—>+oo .

Using the definition of g(e(t—7)) and assumption (A1)
yields

loet-o)* =5 02eit-0)
SHIELRCE)
<L2e(t-o)f?

and g <L e

Let us evaluate the time derivative of V along the trajectory
of (6) gives:

V ()=—eT De(t)+eT Ag(e(t)) +eTWg(e(t—r(t)—eTQe(t) LX) x2(8) H

<ellollel+Jell Allaee el lloet-rON|-2min(lel”
< min(ap[el”+ L|Allef*+ L W[ lellect-=@)] - 2min(@e]?

< mina)el?+ L | Alle|+ LMW G 6]+ et )) - Amin(lel?

<~(2min(d) - 2L A~ L[+ 22min(@) 3 e+ LW et )]
< ~(2min(dj) - 2L | Al - L|W ]+ 2 Amin(@Q)V (t) ®)
+LW| max (V(s))

t t

—7<8<
Applying Lemma 1 to (8), it can be shown that if

L(IA[HW[)/min(di) + 2min(€) <1

Then
V(O)<( sup V(s))exp(-4t) ©)
—7<s<0
Where
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8 =(2min(d;) — 2L A= LW [+ 24 min(€2))
—L |W | exp(s7)

(10)

Therefore, V(e(t)) converges to zero exponentially, which
in turn implies that e(t) also converges globally and

exponentially to zero with a convergence rate of 5/2.
Therefore, every trajectory zj(t) of (2) must synchronize

exponentially toward the xi(t) with a convergence rate of
5/2.
IV.APPLICATION

Example 1. Consider a delayed neural network as below:
x| (10 y x1(t) . 2 -01

x2| [0 1] |[xot)] [-5 45

y 91(xa(®) +{—1.5 —0.5}>< 91(x1(t-1))
go(x2()) | |-0.2 -4 | | go(xo(t-1))

Where d i:[l 1]T . gj(xj)=tanh(xj),

2 -01 -15 -05
A= and W=
-5 45 02 4

The system satisfies assumptions (Al) with |_1:|_2:1.

||A||:6.9099 and ”\N||:4.0522. Fig.1 shows the chaotic
behavior of the system (11) with the initial condition
0.4 0.6] for—1<s<0.

The response chaotic neural network with delays is
designed by

{21}_[1 O}X{zl(t)}{Z —0.1}
22 0 1] |z2()) |-5 45 12
y 91(z2(t)) +{—1.5 _0‘5} 91(za(t-1)) )
go(z2(t) | [-0.2 -4 || go(z2(t-1)
If the controller gain matrix in (5) is chosen as

{12
Q:
4

Amin(€©)=10.3431and 1 ;1155 (€2)=21.6569, then the
following inequality:

11)

-4
with eigenvalues
20

10.9621= L(||A||+|[\N||) <min(dj) + Amin(€?) =11.3431
is satisfied. It follows from the main theorem that the systems
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(11) and (12) have been synchronized with an exponential
convergence rate of 0.0792.

6

o 2 4 6 8 10 12 14 1 18 2
time
Fig.1. the chaotic behavior of the delayed NN in Examplel.
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Fig. 2. The synchronization error (Example 1).

Example 2. Consider a chaotic neural network (NN) with
delays as follows:

I1
aTe Sl ot
X2 0 1] [xot) o1 11

' 4

[ =0
_\/Ezl.B 0.1 {gl()q(tl))}
01 _yzlya| L920x(t-D)
4

(13)

y 91(xa(t))
9o(x2(t))

where  di[1 1], gj(xi)=(xi+-|xi-1/2i=12,

1+E

A=

20 0.1

—ﬁ131.3

—Jil;ll.3

0.1

- and W=
01 1+—
4
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The system satisfies assumptions (A1) with | 1=L2=1.

||A||:20.1589 and |[\N||=1.5439 .Fig.3 shows the chaotic
behavior of the system with the initial
l:x]_(s) x2(S):|:[0.1 0.1] for —1<s<0.

the response chaotic neural network is designed as follows:

I1
mz_[l O}X{Zl(t)}r e 2 Ta@o)
22" [0 1 [20]7) o, 0| o220
’ 4

IT
. —«/511.3 0.1 X[gl(ﬂ(tl))}u(t)
01 _ﬁgl 3 go(z2(t-1)

. e

condition

(14)

If the controller gain matrix in (5) is chosen as

24
Q:
¥

And  Amax(€)=42 Amax(2)=21.6569 , then the
following inequality:

21.7029 = L(||A||+|[\N||) <min(dj) + Amin(€) =23 s
satisfied. It follows from the main theorem that the systems

(13) and (14) have been synchronized with an exponential
convergence rate of 0.38809.

—6
40} with eigenvalues A min(€2)=22

15 r c c c c r c c c
0 2 4 6 8 10 12 14 16 18 20
time

Fig. 3. The chaotic behavior of the NN(Example2).
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synchronization error

0.2 r r r r r r r r r

Fig. 4. The synchronization error (Example 2).

V.CONCLUSION

This paper has presented a new sufficient condition to solve
the exponential synchronization of a class of delayed chaotic
neural networks. The proposed sufficient condition is derived
primarily by the Halanay inequality lemma rather than
through the use of the Lyapunov functional. The result has
indicated that the real symmetric and positive definite

controller gain matrix €2 is designed to achieve
synchronization.
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